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Abstract

We consider a family of representations of the braid groups Bn

corresponding to a specific solution to the Yang-Baxter equation. The
images of the pure braid group Pn, a normal subgroup of Bn, under
these representations are extraspecial 2-groups and the images of the
braid group Bn are extensions of extraspecial 2-groups. We determine
conditions under which any representation of the extraspecial 2-group,
E

−1
m , is faithful. We then show that the irreducible representations of

E
−1
m , constructed by Franko, Rowell and Wang, are faithful if and

only if m = 2k or m = 2k − 1 (k odd); where as it is not faithful if
m = 2k − 1 (k even).

1 Introduction

Let Bn be the Artin’s braid group on n strands. The kernel of the surjective
group homomorphism from Bn to the symmetric group Sn that sends each
generator σi of Bn to (i, i + 1) is the pure braid group Pn. The represen-
tations of Bn are of great importance to mathematicians [2] and physicists
[9]. In addition, researchers gave a great value for representations of the pure
braid group Pn (see [1]) and for the (nearly) extra-special 2-groups Ev

m for
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their close association with Pn and Bn [5]. The authors in [5] construct a
representation πn corresponding to the flipped R-matrix

R = 1√
2









1 0 0 1
0 1 −1 0
0 1 1 0
−1 0 0 1









that satisfies the Yang-Baxter equation (Y BE):

(R⊗ I2)(I2 ⊗ R)(R⊗ I2) = (I2 ⊗ R)(R⊗ I2)(I2 ⊗ R), where

I2 is the 2 × 2 identity matrix. All solutions to the Y BE of the form R :
U ⊗U → U ⊗U with U 2-dimensional have been listed in [8]. Dye found all
unitary solutions of this form to the braid relations based on this list [4]. The
images of the pure braid group under πn are (nearly) extra-special 2-groups
E−1

n−1. The images of the braid group Bn are extensions of the (nearly) extra-
special 2-groups E−1

n−1 by the symmetric group Sn (see [5]). The question of
faithfulness of the braid group has been the subject of research for a long
time. It has been shown that the Burau representation is faithful for n ≤ 3
and is not faithful for n ≥ 5 [2]. However, the faithfulness of the Burau
representation in the case n = 4 is still unknown in spite of some results [3].
In section 4, we study the faithfulness of the representations of E−1

m for all
dimensions. Using the generators of E−1

m and their relations, the normal
form of an element in E−1

m and simple rules in linear algebra, we find a
sufficient condition that guarantees the faithfulness of any representation of
E−1

m according to the parity of m (Theorem 4.2). Also, by Theorem 4.2
we show that all irreducible representations of E−1

2k given in [5] are faithful
and those irreducible representations of E−1

2k−1 in [5] are faithful iff k is odd
(Corollary 4.5). Moreover, we construct new representations of the pure
braid group Pn. These representations are faithful if and only if πn is faithful
(Corollary 4.7).

2 Preliminaries

Definition 2.1. [2] The braid group on n strings, Bn, is the abstract group
with presentation
Bn = {σ1, ..., σn−1; σiσi+1σi = σi+1σiσi+1, for i = 1, 2, ..., n− 2, σiσj = σjσi

if |i− j| ≥ 2}.

The generators σ1, ..., σn−1 are called the standard generators of Bn.
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Definition 2.2. [2] The pure braid group, Pn, is defined as the kernel of the
homomorphism Bn −→ Sn, defined by σi −→ (i, i+ 1), 1 ≤ i ≤ n− 1. It has
the following generators:

Aij = σj−1σj−2...σi+1σ
2
i σ

−1
i+1...σ

−1
j−2σ

−1
j−1, 1 ≤ i, j ≤ n

.

Proposition 2.3. (Shur’s Lemma) Suppose that F is n×n matrix such that
Fα(g) = α(g)F for every g ∈ G, where α is an irreducible representation of
the group G. Then F = λI for some λ ∈ C, where I is the n × n identity
matrix.

As well-known, any invertible solution of Y BE gives rise to representa-
tions of Bn for any n. Consider the representation πn of Bn corresponding
to the matrix R.

Proposition 2.4. [5] The representation πn : Bn → GL2n(C) is unitary and
defined by:

πn(σi) = I
⊗(i−1)
2 ⊗ R⊗ I

⊗(n−i−1)
2 ,

where σi is the ith braid generator.

To exploit the relationship between Bn and Pn, the authors in [5] restrict
πn to Pn and introduce the following definition.

Definition 2.5. [5] Hn = πn(Pn) and Gn = πn(Bn).

We use the convention ”left into right” for tensor products of matrices;
that is, if

A =

(

a1 a2
a3 a4

)

and B =

(

b1 b2
b3 b4

)

, then A⊗ B =

(

b1A b2A
b3A b4A

)

.

Some matrices will be needed, so we define them here:

a) Im is m×m identity matrix.

b) s =

(

0 1
−1 0

)

.
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c) σz =

(

1 0
0 −1

)

.

d) gi = πn((σi)
2) = I

⊗(i−1)
2 ⊗ R2 ⊗ I

⊗(n−i−1)
2 (we ignore the dependence

of gi on n).

e) R = 1√
2









1 0 0 1
0 1 −1 0
0 1 1 0
−1 0 0 1









.

Lemma 2.6. Hn is generated by g1, ..., gn−1.

3 Definitions, Properties and Irreducible Rep-

resentations of Ev
m

Definition 3.1. The group Ev
m is the abstract group generated by

x1, ..., xm

with relations:

x2
i = v, 1 ≤ i ≤ m (1)

xixj = xjxi, |i− j| ≥ 2 (2)

xi+1xi = −xixi+1, 1 ≤ i ≤ m, (3)

where −1 is an order two central element, and v = ±1.

Ev
m is a finite group of order 2m+1. These groups have important connec-

tions with Clifford algebras. The case v = −1 appears in Exercise 3.9 in the
text by Fulton and Harris [6] and other cases appeared in [7].

3.1 Properties of Ev
m

Any element in Ev
m can be written in the normal form ±xα1

1 ...xαm
m , where

αi ∈ Z2. This form is unique by the following lemma.
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Lemma 3.2. [5] Denote by Z(Ev
m) the center of Ev

m. We have

(a) Z(Ev
m) =

{

{±1} m even,

{±1,±x1x3...xm} m odd
,

(b) Ev
m/{±1} ∼= (Z2)

m,

(c) Any x ∈ Ev
m/Z(E

v
m) is conjugate to −x,

(d) Any nontrivial normal subgroup of Ev
m intersects Z(Ev

m) nontrivially,

(e) For m = 2k − 1 odd, Z(Ev
2k−1)

∼=
{

Z2 × Z2 if v = 1 or k even

Z4 if v = −1 and k odd
,

(f) The normal form ±xα1

1 ...xαm
m is unique.

Definition 3.3. [7] A group G of order 2m+1 is an extraspecial 2-group if

(1) the center Z(G) and the commutator subgroup G′ coincide and are iso-
morphic to Z2.

(2) G/Z(G) ∼= (Z2)
m.

We easily see that the commutator subgroup of Ev
m is {±1} using anti-

commutation relations. For m = 2k the other conditions were verified in
Lemma 3.2. As a result, we have the following proposition:

Proposition 3.4. [5] Ev
m is nearly extraspecial 2-groups for any m.

Proof. Ev
2k is an extraspecial 2-group using Lemma 3.2 and Definition 3.3. In

addition, Ev
2k is contained in Ev

2k+1 and so Ev
m is nearly extraspecial 2-groups

for any m (they include extraspecial 2-groups). �

Remark 3.5. The cases where the center of Ev
m is isomorphic to Z4 are

almost extraspecial, but when center is Z2 × Z2 they are not [7].

3.2 Irreducible Representations of E−1
m

There are two cases corresponding to the parity of m. As in [5], there are
22k + 1 inequivalent irreducible representations of E−1

2k .
Let Irr(E−1

2k ) = {V1, ..., V22k+1} denote a set of inequivalent irreducible rep-
resentations of E−1

2k .
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There are 22k representations of dimension one (say V2, ..., V22k+1) and only
one non-trivial irreducible representation of dimension 2k (dimV1 = 2k). The
representation (ρ1, V1) is defined as follows:

Proposition 3.6. [5] The irreducible representation ρ1 : E
−1
2k → GL2k(C) is

defined as follows:

ρ1(x1) =
√
−1(σz ⊗ I

⊗(k−1)
2 ),

ρ1(x2) = s⊗ I
⊗(k−1)
2 ,

...

ρ1(x2i) = I
⊗(i−1)
2 ⊗ s⊗ I

⊗(k−i)
2 ,

ρ1(x2i+1) =
√
−1(I

⊗(i−1)
2 ⊗ σz ⊗ σz ⊗ I

⊗(k−i−1)
2 ),

...

ρ1(x2k) = I
⊗(k−1)
2 ⊗ s,

where s and σz are defined in section 2.

Now, for E−1
2k−1 there are 22k−1 + 2 inequivalent irreducible representa-

tions. Let Irr(E−1
2k−1) = {W1,W2, ...,W22k−1+2} denote a set of inequivalent

irreducible representations of E−1
2k−1. We have 22k−1 distinct representations

of dimension one (say W3, ...,W22k−1+2) and only two non-trivial irreducible
representations of dimension 2k−1 (say W1,W2). The explicit realizations of
(λ1,W1) and (λ2,W2) are in the following proposition.

Proposition 3.7. [5] Consider the two irreducible representations λ1 and
λ2 : E

−1
2k−1 → GL2k−1(C) defined as follows:

λ1(x1) = λ2(x1) =
√
−1(σz ⊗ Ik−2

2 ),

λ1(x2) = λ2(x2) = s⊗ Ik−2
2 ,

...

λ1(x2i) = λ2(x2i) = I i−1
2 ⊗ s⊗ Ik−i−1

2 ,

λ1(x2i+1) = λ2(x2i+1) =
√
−1(I i−1

2 ⊗ σz ⊗ σz ⊗ Ik−i−2
2 ),
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...

λ1(x2k−2) = λ2(x2k−2) = Ik−2
2 ⊗ s,

λ1(x2k−1) = −λ2(x2k−1) =
√
−1(Ik−2

2 ⊗ σz),

where s and σz are defined in section 2.

Note that the only difference between λ1 and λ2 on the generators is that
the image of x2k−1 differs in sign.

4 Faithfulness of the representations of E−1
m

In this section, we find a sufficient condition that guarantees the faithfulness
of any representation of E−1

m =< x1, x2, ..., xm > for different parity of m and
we prove that ρ1 (Proposition 3.6) is a faithful representation of E−1

2k . Also,
λ1, and λ2, defined in Proposition 3.7 are faithful representations of E−1

2k−1

when k is odd and not faithful when k is even. Moreover, we construct new
representations of the pure braid group Pn, where these representations are
faithful if and only if πn is faithful.

Lemma 4.1. Consider the nearly extraspecial 2-groups E−1
m . Let φ be a

representation of dimension n of E−1
m such that φ(−1) = −In. The following

are true:

a) The elements ±xi does not belong to kerφ.

b) Let g = ±xi1xi2 ...xil ∈ E−1
m , where ir ∈ N∗, 1 ≤ ir ≤ m, and r ∈

{1, 2, ..., l}. If there exist two consecutive terms xp and xq in g such that
iq − ip ≥ 3 (1 ≤ p < q ≤ l), then g does not belong to kerφ.

Proof. a) Suppose that φ(xi) = In. This implies that φ(x2
i ) = φ(xi) and so

φ(−1) = φ(xi). Thus φ(xi) = −In, a contradiction. Therefore, xi does not
belong to kerφ. Similarly, −xi does not belong to kerφ.

b) Suppose that g = xi1xi2 ...xil ∈ kerφ. Then φ(g) = In. Without loss of
generality, take i1 < i2 < ... < il. We have φ(g) = φ(xi1xi2 ...xipxiq ...xil) = In.
This implies that φ(xi1xi2 ...xipxiq ...xilxiq−1) = φ(xiq−1)...............(1)
But |iq − 1− ir| ≥ 2 for all 1 ≤ r ≤ l and r 6= q. By the commutation/anti-
commutation relations in E−1

m , we see that xiq−1xir = xirxiq−1 and xiqxiq−1 =
−xiq−1xiq .
Now (1) implies that φ(−xiq−1xi1xi2 ...xipxiq ...xil) = φ(xiq−1).
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So φ(−1)φ(xiq−1)φ(g) = φ(xiq−1). Thus φ(g) = −In, a contradiction. There-
fore, g = xi1xi2 ...xil 6∈ kerφ.
Similarly, we show that g = −xi1xi2 ...xil 6∈ kerφ. �

Theorem 4.2. Consider the nearly extraspecial 2-groups E−1
m . Let φ be a

representation of dimension n of E−1
m such that φ(−1) = −In. The following

are true:

1. If m is even, then φ is faithful.

2. When m is odd such that m = 2s+ 1, we have two cases:
a) If s is even, then φ is faithful.
b) If s is odd, then φ is faithful if and only if ±x1x3...x2s+1 6∈ kerφ.

Proof. Let g ∈ E−1
m . Then g = ±xα1

1 xα2

2 ...xαm
m (Lemma 3.2), where αi ∈

{0, 1}.
It is easy to see that g is either ±1,±xi, or ±xi1 ...xil , where 1 ≤ i1 < ... <
il ≤ m. It is clear that −1 6∈ kerφ and ±xi 6∈ kerφ (Lemma 4.1). Let
g = ±xi1 ...xil . Let us show that g 6∈ kerφ. Consider the two possibilities
whether or not there are two consecutive terms with two consecutive index
integers in g say xiq and xiq+1 (i1 ≤ iq ≤ il − 1).

Case 1: Suppose there exist two consecutive terms with two consecutive
index integers in g, say xiq and xiq+1. We take xiq , xiq+1 to be the first two
consecutive terms with two consecutive index integers in g; that is, if there
exist r1 and r2 such that 1 ≤ r1 < r2 ≤ q, then ir2−ir1 ≥ 2. Take g = xi1 ...xil .
The trace of the matrix φ(g) equals tr(φ(xi1 ...xiqxiq+1...xil)) which is equal to
tr(φ(−xi1 ...xiq+1...xilxiq)) (by the commutation/anti-commutation relations
in E−1

m ). This implies that tr(φ(g)) = −tr(φ(xi1 ...xiq+1...xil)φ(xiq)) which is
equivalent to tr(φ(g)) = −tr(φ(xiq)φ(xi1 ...xiq+1...xil)). Hence tr(φ(g)) =
−tr(φ(xi1 ...xiqxiq+1...xil)), so tr(φ(g)) = −tr(φ(g)). Thus tr(φ(g)) = 0.
Therefore, g does not belong to kerφ. A similar proof shows that g =
−xi1 ...xil does not belong to kerφ.

Case 2: Now suppose that g belongs to kerφ and there are no two consec-
utive terms with two consecutive index integers in g. Using Lemma 4.1 and
Case 1, we see that g = ±xi1xi1+2...xi1+2s, where the natural number i1 + 2s
is less than or equal m. First, we have two possibilities for the values of i1, ei-
ther i1 = 1 or not. Suppose that i1 6= 1; that is, i1 ∈ {2, ..., m−2}. Take g =
xi1xi1+2...xi1+2s. We have φ(g) ∈ kerφ; that is, φ(g) = In which is equivalent
to φ(xi1xi1+2...xi1+2sxi1−1) = φ(xi1−1). Hence φ(−xi1−1xi1xi1+2...xi1+2s) =
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φ(xi1−1). It follows that −φ(xi1−1)φ(g) = φ(xi1−1). Thus φ(g) = −In. Simi-
larly, we get φ(g) = −In when g = −xi1xi1+2...xi1+2s. This gives a contradic-
tion. This means that i1 = 1; that is, g = ±x1x3...x2s+1. Here there are two
possibilities either 2s+1 = m or not. Suppose 2s+1 6= m; that is, 1 < 2s+1 <
m. Take g = x1x3...x2s+1. Then we get φ(x1x3...x2s+1x2s+2) = φ(x2s+2).
It follows that φ(−x2s+2x1x3...x2s+1) = φ(x2s+2). Hence −φ(x2s+2)φ(g) =
φ(x2s+2). Thus φ(g) = −In. Similarly, φ(g) = −In when g = −x1x3...x2s+1.
This gives a contradiction and so m = 2s + 1. Now if we assume m is even,
then g 6∈ kerφ and so φ is faithful. Thus (1) follows.
Now to prove (2), we assume that m = 2s+1. Let g = ±x1x3...xm. We have
φ(g) = In which is equivalent to φ(xm...x3x1)φ(x1x3...xm) = φ(xm...x3x1).

This implies that φ((−1)
m+1

2 ) = φ(g). Hence φ((−1)s+1) = φ(g). Now
we have two possibilities according to the parity of s. If s is even, then
φ((−1)s+1) = φ(g) is equivalent to −In = φ(g). Similarly, φ(g) = −In when
g = −x1x3...xm, a contradiction. Therefore, when m = 2s + 1 with s is
even, we can not find any element g ∈ E−1

m such that φ(g) = In. Hence if
m = 2s+1 and s even, then φ is faithful. Thus the proof of (2a) is achieved.
Otherwise, we assume that s is odd. But, in this case, we have, by our as-
sumption, that φ(±x1x3...x2s+1) 6= In. Therefore, when m = 2s + 1 (s odd)
such that φ(±x1x3...x2s+1) 6= In, we can not find any element g ∈ E−1

m such
that φ(g) = In. Hence if m = 2s + 1, s is odd and φ(±x1x3...x2s+1) 6= In,
then φ is faithful. Thus the proof of (2b) is achieved.

�

Lemma 4.3. Let φ be an irreducible representation of E−1
2k−1 of dimension

n and z = x1x3...x2k−1. If k is even, then φ(z) or φ(−z) are equal to In.

Proof. By Lemma 3.2, z is a non-trivial element which belongs to the center
of E−1

2k−1 and is of order 2 if k is even. Hence, by Proposition 2.3, φ(z) = λIn.
Also, φ(z2) = In. It follows that λ = ±1. Hence if λ = 1, then φ(z) = In.
Otherwise, φ(−z) = In. �

Theorem 4.4. Consider the nearly extraspecial 2-groups E−1
m . Let φ be an

irreducible representation of dimension n of E−1
m such that φ(−1) = −In.

Hence, the following are true:

1. If m is even, then φ is faithful.

2. When m is odd such that m = 2k − 1, we have two cases:
a) If k is odd, then φ is faithful.
b) If k is even, then φ is not faithful.
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Proof. It is easy to see that (1) is satisfied by Theorem 4.2. By (2a) in
Theorem 4.2 when m = 2k−1 and k is odd, φ is faithful. Otherwise, by (2b)
in Theorem 4.2 and Lemma 4.3, if k is even, then φ is not faithful. �

Since the representations defined in Propositions 3.6 and 3.7 are irreducible,
Theorem 4.4 is true for ρ1, λ1 and λ2. More precisely, we get the following
corollary.

Corollary 4.5. Consider the representations ρ1, λ1, and λ2 ( Propositions
3.6 and 3.7). The following are true:

1. ρ1 is faithful representation of E−1
2k for all natural number k.

2. If k is odd, then λ1 and λ2 are two faithful representations of E−1
2k−1.

3. If k is even, then λ1 and λ2 are not faithful representations of E−1
2k−1.

Proof. By Theorem 4.4 it is enough to show that ρ1(−1) = −I2k and λ1(−1) =
λ2(−1) = −I2k−1 .

ρ1(−1) = ρ1(x
2
1) = (

√
−1σz ⊗ I

⊗(k−1)
2 )2 = −(σz ⊗ I

⊗(k−1)
2 )2.

We know that I
⊗(k−1)
2 = I2k−1 and σ2

z = I2. So

ρ1(−1) = −





















σ2
z 0 . . . . 0
0 σ2

z 0 . . . 0
. 0 . . . . .
. . . . . . .
. . . . . . .
. . . . . . 0
0 0 . . . 0 σ2

z





















= −





















I2 0 . . . . 0
0 I2 0 . . . 0
. 0 . . . . .
. . . . . . .
. . . . . . .
. . . . . . 0
0 0 . . . 0 I2





















,

where I2 appears 2k−1 times. This implies that

ρ1(−1) = −I2 ⊗





















1 0 . . . . 0
0 1 0 . . . 0
. 0 . . . . .
. . . . . . .
. . . . . . .
. . . . . . 0
0 0 . . . 0 1





















= −I2 ⊗ I2k−1 .
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Hence

ρ1(−1) = −I2k .

In a similar way, we show that the image of −1 under λ1 and λ2 is equal to
−I2k−1 . �

We recall Definition 2.5 when Hn = πn(Pn) and Gn = πn(Bn) . We have

Theorem 4.6. [5]

1. Hn
∼= E−1

n−1 and the image Bn under the representation πn is an exten-
sion of E−1

n−1 by Sn.

2. The representation πn of Bn decomposes as

(C2)⊗n ∼=
{

(C2)⊗
n+1

2 ⊗ V1 n odd

(C2)⊗
n
2 ⊗ (W1 ⊕W2) n even

Corollary 4.7. Consider the representations ρ1 of E−1
2k (k ∈ N∗), λ1, and

λ2 of E−1
2k−1 (k is odd). Let ρ′1 be the representation of H2k+1 induced by ρ1,

λ′
1, and λ′

2 be the representations of H2k induced by λ1, and λ2 respectively.
Hence, ρ′1 ◦πn (n = 2k+1) and λ′

1 ◦πn, λ
′
2 ◦πn (n = 2k), are representations

of the pure braid group Pn, which are faithful if and only if πn is.

Proof. We have Hn
∼= E−1

n−1. Any faithful representation of E−1
n−1 induces a

faithful representation of Hn. But the representations ρ1 of E−1
2k (k ∈ N∗),

λ1, and λ2 of E−1
2k−1 (k is odd) are faithful (Corollary 4.5). This implies that

the representations ρ′1 of H2k+1, λ
′
1, and λ′

2 of H2k are faithful. It follows that
the representations ρ′1 ◦ πn (n = 2k + 1) and λ′

1 ◦ πn, λ
′
2 ◦ πn (n = 2k) are

faithful if and only if πn is faithful. �
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