International Journal of Mathematics and ( M)
Computer Science, 15(2020), no. 3, 787-798 G8

On the Faithfulness of the Representations of
the Extraspecial 2-Groups £

Hasan A. Haidar, Mohammad N. Abdulrahim

Department of Mathematics and Computer Science
Beirut Arab University
Beirut, Lebanon

email: hah339Q@student.bau.edu.lb, mna@bau.edu.lb

(Received February 25, 2020, Accepted March 26, 2020)

Abstract

We consider a family of representations of the braid groups B,
corresponding to a specific solution to the Yang-Baxter equation. The
images of the pure braid group P,, a normal subgroup of B,,, under
these representations are extraspecial 2-groups and the images of the
braid group B,, are extensions of extraspecial 2-groups. We determine
conditions under which any representation of the extraspecial 2-group,
E1, is faithful. We then show that the irreducible representations of
E;!, constructed by Franko, Rowell and Wang, are faithful if and
only if m = 2k or m = 2k — 1 (k odd); where as it is not faithful if
m = 2k — 1 (k even).

1 Introduction

Let B, be the Artin’s braid group on n strands. The kernel of the surjective
group homomorphism from B, to the symmetric group S,, that sends each
generator o; of B, to (i,i + 1) is the pure braid group P,. The represen-
tations of B,, are of great importance to mathematicians [2] and physicists
[9]. In addition, researchers gave a great value for representations of the pure
braid group P, (see [1]) and for the (nearly) extra-special 2-groups EY, for
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their close association with P, and B, [5]. The authors in [5] construct a
representation m, corresponding to the flipped R-matrix

1 0 0 1
R=-L 0 1 -10 that satisfies the Yang-Baxter equation (Y BE):
=l 0 1 1 o i g-Baxter equati ;
-1 0 0 1

(R ® [2)([2 ® R)(R ® [2) = ([2 ® R)(R ® IQ)([Q & R), where

I is the 2 x 2 identity matrix. All solutions to the Y BE of the form R :
U®U — U®U with U 2-dimensional have been listed in [8]. Dye found all
unitary solutions of this form to the braid relations based on this list [4]. The
images of the pure braid group under 7, are (nearly) extra-special 2-groups
E',. The images of the braid group B, are extensions of the (nearly) extra-
special 2-groups ', by the symmetric group S, (see [5]). The question of
faithfulness of the braid group has been the subject of research for a long
time. It has been shown that the Burau representation is faithful for n < 3
and is not faithful for n > 5 [2]. However, the faithfulness of the Burau
representation in the case n = 4 is still unknown in spite of some results [3].
In section 4, we study the faithfulness of the representations of E.! for all
dimensions. Using the generators of E! and their relations, the normal
form of an element in E_! and simple rules in linear algebra, we find a
sufficient condition that guarantees the faithfulness of any representation of
E! according to the parity of m (Theorem 4.2). Also, by Theorem 4.2
we show that all irreducible representations of E,,' given in [5] are faithful
and those irreducible representations of F,;' | in [5] are faithful iff k is odd
(Corollary 4.5). Moreover, we construct new representations of the pure
braid group P,. These representations are faithful if and only if 7, is faithful
(Corollary 4.7).

2 Preliminaries

Definition 2.1. [2/ The braid group on n strings, By, is the abstract group
with presentation

Bn = {0'1, vy O 15040,410; = 04410;,0,11, fO’I"i = 1,2, = 2, 0;0; = 005
if i —j| = 2}.

The generators oy, ...,0,_1 are called the standard generators of B,.
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Definition 2.2. [2/ The pure braid group, P,, is defined as the kernel of the
homomorphism B, — S, defined by o; — (i,i+1),1 <i<n—1. It has
the following generators:

— 2 —1 -1 -1 o
Aij = 0j-10j-2...0i410;0;71...0; 50, 1,1 <, <n

Proposition 2.3. (Shur’s Lemma) Suppose that F' is n X n matrix such that
Fa(g) = a(g)F for every g € G, where « is an irreducible representation of
the group G. Then F = A for some \ € C, where I is the n X n identity
matrix.

As well-known, any invertible solution of Y BE gives rise to representa-
tions of B, for any n. Consider the representation 7, of B, corresponding
to the matrix R.

Proposition 2.4. [5] The representation mt, : B, — GLan (C) is unitary and
defined by:

(o) = I?“‘” Q®R® Ig@("‘i‘”,

where o; is the ith braid generator.

To exploit the relationship between B,, and P,, the authors in [5] restrict
m, to P, and introduce the following definition.

Definition 2.5. [5] H, = m,(F,) and G,, = m,(B,).

We use the convention "left into right” for tensor products of matrices;
that is, if

. ay as . bl b2 . blA bgA
A_<a3 a4)andB_(b3 b4)’thenA®B_(b3A b4A)'

Some matrices will be needed, so we define them here:

a) I, is m x m identity matrix.

b)s:<_01 (1))
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c)02:<(1) _01)

d) g = m((0)?) = If“‘” ® R?® If("_i_l) (we ignore the dependence
of g; on n).

1 0 0 1
0 1 —1 0

_ 1
JR=5 o 1 1 o
10 0 1

Lemma 2.6. H, is generated by g1, ..., gn_1-

3 Definitions, Properties and Irreducible Rep-
resentations of £

Definition 3.1. The group E;, is the abstract group generated by

L1y eeey Iy
with relations:
T3 =, 1<i<m (1)
T;Xj = T4, |Z_]| Z 2 (2)
Tip1T; = —TiTiq1, 1<i<m, (3)

where —1 is an order two central element, and v = +1.

E? is a finite group of order 2™*!. These groups have important connec-
tions with Clifford algebras. The case v = —1 appears in Exercise 3.9 in the
text by Fulton and Harris [6] and other cases appeared in [7].

3.1 Properties of E},

Any element in E?, can be written in the normal form +z{'...z%" where
o; € Zs. This form is unique by the following lemma.
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Lemma 3.2. [5] Denote by Z(EY)) the center of EY,. We have

. {£1} m even,
(a) Z(E,) =
{£1, £x125...2,,} m odd

(b) Ey {1} = (Z2)™,
(¢c) Any x € E¥ /Z(EY) is conjugate to —x,
(d) Any nontrivial normal subgroup of EY, intersects Z(E?,) nontrivially,

Zo X Ly if v=1o0rkeven

F =2k—1odd, Z(ES,_,) = ’
(e) For m 0 (Ek-1) {Z4 if v=—1andk odd

(f) The normal form xx{'..x%m is unique.

Definition 3.3. [7] A group G of order 2™ is an extraspecial 2-group if

(1) the center Z(G) and the commutator subgroup G' coincide and are iso-
morphic to Zs.

(2) G/Z(G) = (Z2)™

We easily see that the commutator subgroup of EY is {£1} using anti-
commutation relations. For m = 2k the other conditions were verified in
Lemma 3.2. As a result, we have the following proposition:

Proposition 3.4. [5] EY is nearly extraspecial 2-groups for any m.

Proof. E3, is an extraspecial 2-group using Lemma 3.2 and Definition 3.3. In
addition, Ej, is contained in E3,  ; and so £}, is nearly extraspecial 2-groups
for any m (they include extraspecial 2-groups). [

Remark 3.5. The cases where the center of E, s isomorphic to Z, are
almost extraspecial, but when center is Zy X Zs they are not [7].

3.2 Irreducible Representations of F !

There are two cases corresponding to the parity of m. As in [5], there are
22k 1 1 inequivalent irreducible representations of Ez_kl.

Let Irr(Ey') = {Vi, ..., Vasr 11 } denote a set of inequivalent irreducible rep-
resentations of E;,j.
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There are 22* representations of dimension one (say Va, ..., Vo2r 1) and only

one non-trivial irreducible representation of dimension 2% (dimV; = 2¥). The
representation (pp,V}) is defined as follows:

Proposition 3.6. [5] The irreducible representation p; : Ey' — G Lok (C) is
defined as follows:

pr(z1) = V(0. @ I;" V),
p1(z2) =5 ® fﬁg(k_l)a

pi(ae;) = 1507V ®s®[®( D
p1(22i41) = V15"V @0, @0, @ ITFY),

pi(aan) =LV s,

where s and o, are defined in section 2.

Now, for E;' | there are 2%*~! + 2 inequivalent irreducible representa-
tions. Let Irr(E% ) = {W, Wg, voey Wozk-1,5} denote a set of inequivalent
irreducible representations of E%_1 We have 22#~1 distinct representations
of dimension one (say Wi, ..., Wyar-1,,) and only two non-trivial irreducible
representations of dimension 2¥~1 (say Wy, W3). The explicit realizations of
(A1, W1) and (Ay, Ws) are in the following proposition.

Proposition 3.7. [5] Consider the two irreducible representations A\ and
Ao Byl | — GLy 1 (C) defined as follows:

M(21) = Ae(1) = V=1(0. ® [;72),
>\1(I2) = >\2(.§L’2) =35® [5_2,

)\l(x2i> = )\Q(LUQZ') = [é‘_l Rs® [5—72—17
M(22i41) = Xa(22i11) = V-1 ® 0, ®0, ® If_i_2),
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A (Zop—2) = Ao(Top—2) = 15_2 ® s,
M(zor_1) = —Xa(zor1) = V1152 ® 0.),

where s and o, are defined in section 2.

Note that the only difference between A\; and Ay on the generators is that
the image of x9,_1 differs in sign.

4 Faithfulness of the representations of £ !

In this section, we find a sufficient condition that guarantees the faithfulness
of any representation of £ =< 1, z, ..., z,,, > for different parity of m and
we prove that p; (Proposition 3.6) is a faithful representation of Ej;'. Also,
A1, and Ay, defined in Proposition 3.7 are faithful representations of Ej' |
when k is odd and not faithful when k is even. Moreover, we construct new
representations of the pure braid group P,, where these representations are
faithful if and only if 7, is faithful.

Lemma 4.1. Consider the nearly extraspecial 2-groups E.'. Let ¢ be a
representation of dimension n of E-t such that ¢(—1) = —1I,,. The following
are true:

a) The elements +x; does not belong to kerg.

b) Let g = £u4,24,...;, € E' where i, € N*, 1 <4, < m, and r €

{1,2,...,1}. If there exist two consecutive terms x, and x, in g such that
ig—1ip, >3 (1 <p<q<l), then g does not belong to kerg.

Proof. a) Suppose that ¢(z;) = I,. This implies that ¢(z7) = ¢(z;) and so
o(—1) = ¢(x;). Thus ¢(x;) = —1I,, a contradiction. Therefore, z; does not
belong to ker¢. Similarly, —z; does not belong to kereo.

b) Suppose that g = x;,2;,...x;, € ker¢. Then ¢(g) = I,. Without loss of
generality, take iy < iy < ... < 4. We have ¢(g) = (@, T4y ... 5, %5, ... T5,) = L.
This implies that ¢(x;, @i, .2, Tiy - T4, Tiy—1) = P(Xi—1)ecrieinrnn. (1)

But i, —1—1i,| >2forall 1 <r <[ andr # q. By the commutation/anti-
commutation relations in Erjbl, we see that x; _17;, = x; ;1 and @y x;, 1 =
L, —1T4,-

Now (1) implies that ¢(—x;, 1%, Tiy ... T3, @i, .. T5,) = H(Ti,—1).
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So ¢(—=1)¢(wi,—1)d(9) = ¢(x4,—1). Thus ¢(g) = —1,, a contradiction. There-
fore, g = x;,z4,...x;, & kero.
Similarly, we show that g = —x;,2;,...7;, & kere. [ |

Theorem 4.2. Consider the nearly extraspecial 2-groups E1. Let ¢ be a
representation of dimension n of E' such that ¢(—1) = —1I,,. The following
are true:

1. If m is even, then ¢ s faithful.

2. When m s odd such that m = 2s + 1, we have two cases:
a) If s is even, then ¢ is faithful.
b) If s is odd, then ¢ is faithful if and only if £x1x3...29511 & kere.

Proof. Let g € E.'. Then g = +af'z3?...2%" (Lemma 3.2), where «o; €
{0,1}.

It is easy to see that g is either +1, +;, or £x;,...x;, where 1 <17; < ... <
iy < m. It is clear that —1 & ker¢ and +z; & ker¢ (Lemma 4.1). Let
g = xx;,..7;,. Let us show that g ¢ ker¢. Consider the two possibilities
whether or not there are two consecutive terms with two consecutive index
integers in g say x;, and x; 1 (i1 <ig <4 — 1).

Case 1: Suppose there exist two consecutive terms with two consecutive
index integers in g, say w;, and x; 4,. We take x; ,x; 11 to be the first two
consecutive terms with two consecutive index integers in g; that is, if there
exist r and ry such that 1 <7 <ry <g, then ¢,,—i,, > 2. Take g = z;,...7,.
The trace of the matrix ¢(g) equals tr(¢(x;, .7, %, 41...2;,)) which is equal to
tr(op(=wxi, ... Tiy41.--24,7,)) (by the commutation/anti-commutation relations
in £ ). This implies that tr(¢(g)) = —tr(¢(@,...x5 +1...25,)P(2;,)) which is
equivalent to tr(¢(g)) = —tr(é(w,)o(wi, ... x5 41...7;,)). Hence tr(¢(g))

—tr(¢(@i, T3, Tiyr1--24,)), so tr(¢(g)) = —tr(é(g)). Thus tr(¢(g)) =
Therefore, g does not belong to ker¢. A similar proof shows that g

—x;,...x;, does not belong to kerg.

=1

Case 2: Now suppose that g belongs to ker¢ and there are no two consec-
utive terms with two consecutive index integers in g. Using Lemma 4.1 and
Case 1, we see that ¢ = *x;, %, 12...;, 125, Where the natural number 7; + 2s
is less than or equal m. First, we have two possibilities for the values of iy, ei-
ther i = 1 or not. Suppose that i; # 1; that is, i; € {2,...,m —2}. Take g =
Ti, Tiya2---Tiy +os. We have ¢(g) € kerg; that is, ¢(g) = I,, which is equivalent
t0 (i Tiy w0 iy 105Tiy—1) = O(T4,-1). Hence ¢(—mi, 174, Tiy19...Tiy40s) =
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(s, -1). It follows that —¢(zi,—1)0(g9) = ¢(xi,—1). Thus ¢(g) = —I,,. Simi-
larly, we get ¢(g) = —1, when g = —x;,x;, yo...7; 12s. This gives a contradic-
tion. This means that i; = 1; that is, ¢ = +x123...79511. Here there are two
possibilities either 2s+1 = m or not. Suppose 2s+1 # m; thatis, 1 < 2s+1 <
m. Take g = X123...X2s541- Then we get ¢($1$3...$25+1I25+2) = ¢($23+2).
It follows that ¢(—wos27173...Tosq1) = G(T2542). Hence —d(was12)d(g) =
¢(xos42). Thus ¢(g) = —1I,. Similarly, ¢(g) = —1,, when g = —x123...T9441.
This gives a contradiction and so m = 2s + 1. Now if we assume m is even,
then g & ker¢ and so ¢ is faithful. Thus (1) follows.
Now to prove (2), we assume that m = 2s+1. Let g = £x23...2,,. We have
®(g) = I, which is equivalent to ¢(zp,...x321)P(T123...20) = A(Tp...T327).
This implies that ¢((—1)"2") = ¢(g). Hence ¢((—1)*"1) = ¢(g). Now
we have two possibilities according to the parity of s. If s is even, then
H((—1)*T1) = ¢(g) is equivalent to —1I,, = ¢(g). Similarly, ¢(g) = —1I,, when
g = —X1%3...T,,, a contradiction. Therefore, when m = 2s + 1 with s is
even, we can not find any element g € E! such that ¢(g) = I,. Hence if
m = 2s+1 and s even, then ¢ is faithful. Thus the proof of (2a) is achieved.
Otherwise, we assume that s is odd. But, in this case, we have, by our as-
sumption, that ¢(£xxs...x2511) # I,. Therefore, when m = 2s+ 1 (s odd)
such that ¢(+zix3...09511) # I, we can not find any element g € E! such
that ¢(g) = I,,. Hence if m = 2s+ 1, s is odd and ¢(£zq23...09511) # I,
then ¢ is faithful. Thus the proof of (2b) is achieved.

[

Lemma 4.3. Let ¢ be an irreducible representation of Ez_kl_1 of dimension

n and z = x1T3...Tok—1. If k is even, then ¢(z) or ¢(—z) are equal to I,,.

Proof. By Lemma 3.2, z is a non-trivial element which belongs to the center
of B! | and is of order 2 if k is even. Hence, by Proposition 2.3, ¢(z) = AL,,.
Also, ¢(2%) = I,,. Tt follows that A = 1. Hence if A = 1, then ¢(2) = I,,.
Otherwise, ¢(—z) = I,. [

Theorem 4.4. Consider the nearly extraspecial 2-groups E'. Let ¢ be an
irreducible representation of dimension n of E.' such that ¢(—1) = —1I,.
Hence, the following are true:

1. If m is even, then ¢ is faithful.

2. When m 1is odd such that m = 2k — 1, we have two cases:
a) If k is odd, then ¢ is faithful.
b) If k is even, then ¢ is not faithful.
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Proof. 1t is easy to see that (1) is satisfied by Theorem 4.2. By (2a) in
Theorem 4.2 when m = 2k — 1 and k is odd, ¢ is faithful. Otherwise, by (2b)
in Theorem 4.2 and Lemma 4.3, if k is even, then ¢ is not faithful. |

Since the representations defined in Propositions 3.6 and 3.7 are irreducible,
Theorem 4.4 is true for p;, A\; and A\y. More precisely, we get the following
corollary.

Corollary 4.5. Consider the representations py, A1, and Ay ( Propositions
3.6 and 3.7). The following are true:

1. py is faithful representation of E,," for all natural number k.
2. If k is odd, then Ay and Xy are two faithful representations of E2_k1_1.
—1

3. If k is even, then A\ and Ay are not faithful representations of E,~ .

Proof. By Theorem 4.4 it is enough to show that p1(—1) = —Iy and A\ (—1) =
)\2(—1) - —]Qk—l.

pi(=1) = pi(a?) = (V=To, @ IZ* )2 = (5, @ IZF V)2,

We know that ISV = Lis and 02 = L. So

o 0 0 L 0 . .. .0
0 o2 0 0 0 I, 0 .. .0
0 0
pi(—1) =— = - ;
.. . .. .0 e
0o 0 . . .0 o 0o 0 . . .0 L

where I, appears 2¥~! times. This implies that

1
0

O = O
=)
=)

pl(—l) = —Ig X . . e . = —[2 X [Qk—l.
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Hence
pi(=1) = =1Ly

In a similar way, we show that the image of —1 under A\; and )\, is equal to
—[2k71 . .

We recall Definition 2.5 when H,, = m,(F,) and G,, = 7,(B,,) . We have
Theorem 4.6. [5]

1. H, = Eg_ll and the image B, under the representation m, is an exten-
sion of E-*, by S,,.

2. The representation m, of B, decomposes as

(c2)en = (CH**F @ W n odd

| (C©®2 @ (W, @ W,) neven
Corollary 4.7. Consider the representations py of Ey' (k € N*), \;, and
Ao of Byl | (k is odd). Let p) be the representation of Hayy1 induced by py,
A}, and Ny be the representations of Hay induced by A1, and \y respectively.
Hence, pyom, (n=2k+1) and N|om,, \yom, (n=2k), are representations
of the pure braid group P,, which are faithful if and only if m, is.

Proof. We have H, = E.',. Any faithful representation of £ induces a
faithful representation of H,. But the representations p; of Ey' (k € N¥),
A1, and Ay of Ey' | (K is odd) are faithful (Corollary 4.5). This implies that
the representations p)| of Hori1, A}, and X, of Hyy are faithful. It follows that
the representations pj o m, (n = 2k + 1) and A} o m,, A, om, (n = 2k) are
faithful if and only if 7, is faithful. |
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